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Mathematics — Core
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(For those who joined in July 2020 onwards)
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PART A — (10 x 1 = 10 marks)

Answer ALL questions.

Choose the correct answer :

1. In [0, 1] with usual metric, B(O, %] is ——

11
(a) [_ 'Z: 'Z]

6. A connected subset of R is

=1

(@ [4, 7T]U[8, 10] ® [4,6]U[5,7]
© [7uase) @ Q

0[0, n)=?

n=1
@@ [0,] ®) (0,%)
© [0, =) @ (0,0]

8. A compact subset of R is

@ [0, ») ®) 3,4

o l _
9. L! [0, ;J_ ?

(@ (0,1) ®) ¢

© {0} @ (0,1]
10. In RxR, QxQ is

(@ ¢ ® @

(© RxR d zxz

Page3 Code No. : 20293 E

3.

11.

12. .

13.

14.

Which of the following subsets of R is not open?
(@ (©,1) b ¢
(¢) (1,2)u(3, 1) @ @

f: M, -> M, is continuous if and only if
(@) x,-x=0=f(x,)-f(x)=0

®) x,o>x=f(x,)=[(x)

© (@) x=2((x,)) > [(x)

d x,-x-0=f(x,-x)>0

The function [ :(0, 1)> R defined by f(x) :% is

(a) not continuous
(b) uniformly continuous
(c) not uniformly continuous

(d) neither continuous nor uniformly continuous

If A=(0,1]c R, then 4 is

@ (©1) ® [0,1]
© (1] @ [o0)
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PART B — (5 x 5 = 25 marks)

Answer ALL questions, choosing either (a) or (b).

(8 In any metric space prove that each open
ball is an open set.

Or
(b) Provethat AUB=AUB.

(a) Show that the function f:R— R deﬁned by

0, if x is irrational
fl)y=<"_" . .
i 1, if x is rational
is not continuous.
Or
(b) Prove that f: M, —» M, is continuous if and
only if f(A) c f(A) forall Ac M,.

(@ If A is a connected subset of the metric
space M . Prove that A is connected.
Or

(b) Show that the continuous image of a
connected metric space is connected.

(a) ‘Prove that continuous image of a compact
metric space is compact.

Or

If A is a compact subset of a metric space
(M,d), prove that A is closed.
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Let A be a subset of a metric space M. If A
is totally bounded, show that A is bounded.

Or

(b) Show that a metric space is compact if and
only if any family of closed sets with finite
intersection property has non empty
intersection.

15. (&)

PART C — (56 x 8 = 40 marks)
Answer ALL questions, choosing either (a) or (b).

16. (a) State and prove Cantor’s interaction

theorem.
Or
(b) State and prove Baire's category theorem.

Let (M,d) be a metric space. Let
aeM, show that the function
f:M — R defined by f(x)=d(x,a) is
continuous.

(G1) Let (M,d) be any metric space. Let
f-M—>R, g:M—>R be two
continuous functions. Prove that f+g
is continuous.

Or

() Prove that f: R — R is continuous at ae R
f and only if w(f,a)=0.
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17. @ ®
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18.

19.

20.

(@)

(b)

(a)

(b)

(@)

()

Prove that R is a connected metric space.

Or

(i) If A and B are connected subsets of a
metric space M and AnB=g¢. Prove

that 4 U B is a connected set.

(ii) State and prove the Intermediate value
theorem.

State and prove Heine Borel Theorem.

Or
Let (M, d;) be a compact metric space and
(M,,d,), be any metric space. If
f: M, — M, is continuous, prove that f is
uniformly continuous on M. :

If A is a totally bounded set. Prove that A
is also totally bounded.

Or
Prove that the metric space M is compact iff
any family {4} of closed sets with finite

intersection property has non empty
intersection.
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